THE OCTOBER MEETING OF THE SOCIETY. 


THE OCTOBER MEETING OF THE AMERICAN 
MATHEMATICAL SOCIETY. 


THE one hundred and ninety-third regular meeting of the 
Society was held in New York City on Saturday, October 27, 
1917. The attendance at the morning and afternoon sessions 
included the following thirty-five members: 

Professor M. J. Babb, Dr. Emily Coddington, Professor 
F. N. Cole, Dr. W. L. Crum, Professor Louise D. Cummings, 
Professor L. P. Eisenhart, Professor P. F. Field, Professor 
H. B. Fine, Dr. C. A. Fischer, Professor T. S. Fiske, Professor 
W. B. Fite, Dr. T. R. Holleroft, Professor Dunham Jackson, 
Mr. S. A. Joffe, Professor Edward Kasner, Professor C. J. 
Keyser, Dr. J. R. Kline, Professor P. H. Linehan, Professor 
C. R. MacInnes, Professor H. B. Mitchell, Professor R. L. 
Moore, Dr. G. W. Mullins, Mr. L. S. Odell, Mr. George 
Paaswell, Professor H. W. Reddick, Dr. J. F. Ritt, Dr. 
Caroline E. Seely, Professor D. E. Smith, Professor P. F. 
Smith, Professor H. D. Thompson, Professor Oswald Veblen, 
Mr. H. E. Webb, Dr. Mary E. Wells, Professor H. S. White, 
Mr. J. K. Whittemore. 

Professor Veblen occupied the chair, being relieved by Pro- 
fessor Eisenhart. The Council announced the election of the 
following persons to membership in the Society: Dr. J. V. 
DePorte, State College, Albany, N. Y.; Mr. J. W. Lasley, Jr., 
University of North Carolina; Mr. Vicente Mills, Philippine 
Bureau of Lands; Professor B. M. Woods, University of 
California. Five applications for membership in the Society 
were received. 

A committee was appointed to audit the accounts of the 
Treasurer for the current year. The Council reported a list 
of nominations for officers and other members of the Council 
to be printed on the official ballot for the annual election. 
The Secretary was directed to procure insurance to the extent 
of $10,000 on the library of the Society, now deposited in the 
Columbia University Library. 

The following papers were read at this meeting: 

(1) Professor R. D. CarmicHaEL: “Elementary inequalities 
for the roots of an algebraic equation.” 

(2) Professor Louise D. Cummines: “The two-column 
indices for triad systems on fifteen elements.” 
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(3) Dr. G. A. Prerrrer: “On the continuous mapping of 
regions bounded by simple closed curves.” 

(4) Dr. J. F. Rirr: “On the differentiability of asymptotic 
series.” 

(5) Professor W. B. Fire: “Concerning the zeros of the 
solutions of certain linear differential equations.” 

(6) Professor J. E. Rowe: “Hexagons related to any plane 
cubic curve.” 

(7) Professor G. D. Brrkuorr: “On a theorem concerning 
closed normalized orthogonal sets of functions with an appli- 
cation to Sturm-Liouville series.” 

(8) Professor Epwarp Kasner: “Systems of circles related 
to the theory of heat.” 

(9) Professor O. E. GLenn: “Systems of invariants and 
covariants of Einstein’s transformations in the theory of rela- 
tivity.” 

(10) Mr. J. K. Wairremore: “Theorems on ruled sur- 
faces.” 

(11) Professor R. L. Moore: “On certain systems of 
equally continuous curves.” 

(12) Professor R. L. Moore: “Continua that have no 
continua of condensation.” 

(13) Dr. J. R. Kure: “Necessary and sufficient conditions, 
in terms of order, that it be possible to pass a simple continuous 
arc through a plane point set.” 

(14) Professor OswaLD VEBLEN: “On the deformation of 
n-cells.” 

(15) Professor OswaLD VEBLEN: “ Deformations within an 
n-dimensional sphere.” 

Professor Birkhoff’s paper was presented by Professor Dun- 
ham Jackson, and the papers of Professor Carmichael, Dr. 
Pfeiffer, Professor Rowe, and Professor Glenn were read by 
title. Abstracts of the papers follow below. The abstracts 
are numbered to correspond to the titles in the list above. 


1. The principal object of Professor Carmichael’s paper is 
to derive numerous elementary inequalities for the greatest 
absolute value X of a root of an algebraic equation. The 
methods employed are altogether elementary. The results 
generalize a number of known inequalities and contain several 
new ones of interest. In each case the inequality yields an 
upper bound to the value of X. 
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2. Professor Cummings’ paper deals with the two-column 
indices as a method of comparison for triad systems. The 
two-column indices for the 80 systems on fifteen elements are 
obtained, and the supplemental theory necessary to make 
this method of comparison adequate is given. An important 
paper by Kirkman, which has apparently been overlooked by 
writers on triad systems up to the present time, is briefly 
discussed, and an inaccuracy in Netto’s article on Tripel- 
systeme in the Encyklopidie der Mathematischen Wissen- 
schaften is pointed out. 


3. The theorem proved in Dr. Pfeiffer’s paper is: 

Given two simple plane curves J; and J2 which are in (1 —1) 
continuous correspondence under a correspondence x. Let 
J, and J2 be interior to the regions R, and R, respectively; 
then there exists a (1-1) continuous correspondence between 
the points of R, and R, such that the points of J; correspond 
to points of J; and conversely as fixed by the correspondence 7. 

This theorem is essentially the theorem proved by Schoen- 
flies in volume 62 (page 319) of the Mathematische Annalen 
to the effect that a (1-1) continuous correspondence z between 
the interiors of two simple closed curves can be set up such 
that z is continuous with any given (1 —1) continuous corre- 
spondence between the boundaries (the given closed curves). 

The important points of difference between the proof which 
Dr. Pfeiffer gives in this paper and that given by Schoenflies 
is first that the former is non-metric and second that no use 
is made therein of the Jordan theorem which states that a 
simple closed curve divides the plane into two regions. The 
Jordan theorem is thus an immediate corollary of the present 
proof when one of the curves J; is taken as a triangle and the 
corresponding R; as the whole plane. 


4. Dr. Ritt shows that if f(z) has, in a sector of the complex 
domain, the asymptotic development 
~ do + + + + + ---, 
then, in any sector interior to the given one, 
f'(@) ~ a + + + nage + 


This fundamental result was known and had been used by 
Professor Birkhoff, who failed to publish his proof, being 
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under the impression that such a proof had already been given 
by Professor W. B. Ford. 


5. Certain conditions under which the solutions of linear 
homogeneous differential equations of the second order vanish 
an infinite number of times are determined by Professor Fite 
in this paper. A theorem of comparison for the solutions of 
two such equations under circumstances different from those 
considered by Sturm results from one set of these conditions. 
Related questions in connection with certain binomial equa- 
tions of the nth order are also considered. 


6. In Professor Rowe’s paper Theorems I and II of the 
second paper read by him before the Society at the Cleveland 
Meeting, September 4, 1917, which relate to hexagons in- 
scribed in or circumscribed about the rational plane cubic 
curve, have been extended to apply to any plane cubic curve. 
The method used consists in expressing parametrically the 
coordinates of a point on the curve in terms of the elliptic 
functions ?(u) and #’(u) (Durége-Maurer, Theorie der Ellip- 
tischen Functionen, pages 246-252), after which the proofs 
are algebraically as simple as in the case of the rational plane 
cubic curve. 


7. The theorem of Professor Birkhoff’s note states that if a 
set of normalized orthogonal functions (zx), wm(z), 
(0 < x <1) is closed, and if (x), %(x), --- is a second set 
of normalized orthogonal functions such that the infinite series 


(un(x) — tin(z))un(y) converges to a function H(z, y) 
n=1 


less than 1 in absolute value, then, under a certain simple 
further condition, the second set %(x), %(x), --- is also 
closed. 

By means of this theorem it is readily proved that any set 
of characteristic functions of Sturm-Liouville type is closed. 
An elementary and simple proof of this important fact has 
hitherto been lacking. 

The theorem is really one in the field of general analysis as 
defined by E. H. Moore and can be extended to biorthogonal 
sets of functions. 

The note will appear in the Proceedings of the National 
Academy of Sciences. 
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8. In the propagation of heat in a plane there are in general 
co” isothermal curves, ©! for each value of the time. Pro- 
fessor Kasner shows that these ©? curves can never be circles. 
If, however, the system degenerates into ©! curves (that is, 
if the curves are the same at all times), as discussed in an 
earlier paper, systems of circles are possible, and all such 
cases are determined. 


9. Professor Glenn’s paper deals with complete invariant 
systems under the Einstein formulas S for the transformation 
of space and time coordinates. Systems are derived for binary 
forms in ¢ and zx (¢ being the time), with coefficients constant 
or arbitrary functions of the quantities left fixed by S. Their 
general theory is that of concomitants which are functions of 
the coefficients of the transformation, but they are, in fact, 
free from the relative velocity of the moving systems of refer- 
ence, while involving the constant c, the velocity of light. 
Included in the paper is the explicit system of relative con- 
comitants for the form of general order m, and absolute systems 
for the orders to the fourth inclusive. 


10. Mr. Whittemore’s paper is a continuation of that pre- 
sented to the Society at the April meeting. It is concerned 
chiefly with the determination of the “flat points” of any 
ruled surface, and with the discussion of the properties of 
orthogonal trajectories of the rulings at points where the total 
curvature of the surface vanishes. 


11. Suppose that G is a set of simple continuous arcs each 
of which has one end point on the side AD and the other 
end point on the side BC of the square ABCD. Suppose that 
each arc of the set G lies, except for its end points, entirely 
within ABCD, that no two arcs of G have any point in common 
and that every point within or on ABCD belongs to some arc 
of the set G. In this paper Professor Moore shows that a 
necessary and sufficient condition that such a set of ares G 
may be mapped continuously on a set of straight segments 
possessing these same properties is that the arcs of the set 
G should be equally continuous. 


12. In this paper Professor Moore shows that in two- 
dimensional space every continuum that has no continuum 
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of condensation is a continuous curve. The theorem that 
every such continuum which is irreducible between two points 
is a simple continuous arc is due to S. Janiszewski.: Cf. his 
paper “Sur les continus irréductibles entre deux points,” 
Journal de l’Ecole Polytechnique, 2e série, volume 16 (1911- 
12), pages 79-170. 


13. Dr. Kline proves that, in order that it may be possible 
to pass at least one simple continuous arc through a given 
bounded closed point set K, it is both necessary and sufficient 
that the points of K may be ordered subject to the following 
conditions: 

(1) If A + B, then either A precedes B or B precedes A. 

(2) If A precedes B, then B does not precede A. 

(3) If A precedes B and B precedes C, then A precedes C. 

(4) If the point P of K is a geometrical limit point of some 
subset M of K, then every segment of K containing P (or 
every segment one of whose end points is P, if P is either the 
first or last point of K) contains at least one point of M, 
different from P. 

If K is not closed, these conditions are not sufficient. In 
this case, he proves that a necessary and sufficient set of 
conditions is obtained if the points of the open set K can be 
ordered subject to conditions (1) to (4) and the following two 
additional conditions: 

(5) If Ay, Ae, As, --- is a countable infinity of distinct 
points of K such that either A, precedes An4: for all values 
of m or Any precedes A, for all values of n, then the point 
set A;, Ae, Az, --- has a single limit point A. 

(6) If Ao, Az, and By, Bo, Bs, --- are ordered se- 
quences, approaching A and B, respectively, such that, for 
all values of n and k, A, precedes B,, then, if A = B, An 
precedes Ani (n = 1, 2, 3, ---), Bus precedes B; (k = 1, 2, 
---) and there is no point D (D + A) such that D follows 
every A and precedes every B. 


14. Professor Veblen’s first paper contains a proof of the 
theorem that any (1-1) continuous transformation of an n-cell 
and its boundary into themselves, which leaves all points of 
the boundary invariant, is a deformation within an n-dimen- 
sional euclidean space containing the n-cell. 
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15. In Professor Veblen’s second paper it is proved that 

there does not exist a deformation on an n-sphere which carries 

each point of an (n — 1)-sphere into itself and one of the n-cells 

bounded by the (nm — 1)-sphere into the other. 

F. N. Cote, 
Secretary. 


THE OCTOBER MEETING OF THE SAN 
FRANCISCO SECTION. 


Tue thirtieth regular meeting of the San Francisco Section 
was held at the University of California, on Saturday, October 
27. The attendance included the following seventeen mem- 
bers of the Society: 

Professor R. E. Allardice, Dr. B. A. Bernstein, Professor 
H. F. Blichfeldt, Dr. Thomas Buck, Professor L. E. Dickson, 
Professor G. C. Edwards, Professor M. W. Haskell, Professor 
L. M. Hoskins, Dr. Frank Irwin, Professor D. N. Lehmer, 
Professor W. A. Manning, Professor H. C. Moreno, Professor 
C. A. Noble, Professor E. W. Ponzer, Professor T. M. Putnam, 
Dr. Pauline Sperry, Mr. J. S. Taylor. 

Professor Manning and Dr. Bernstein were elected chairman 
and secretary, respectively, for the ensuing year. Professors 
Lehmer and Blichfeldt and Dr. Bernstein were elected mem- 
bers of the programme committee. 

The next meeting of the Section will be held at Stanford 
University, April 6, 1918. The succeeding fall meeting will be 
held at the University of California on October 26. 

The following papers were presented at this meeting: 

(1) Dr. B. A. Bernstern: “On a numero-logical foundation 
for the theory of probability.” 

(2) Professor L. E. Dickson: “Some unsolved problems in 
the theory of numbers.” 

(3) Professor L. M. Hosxrns: “The strain of a gravitating, 
compressible sphere of variable density.” 

(4) Professor W. A. Mannina: “On the order of primitive 
groups, IV.” 

(5) Professor R. M. WincEr: “The rational plane cubic as 
an application of the theory of involution.” 

Professor Winger’s paper was read by title. Abstracts of 
the papers follow in the order given above. 
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1. Dr. Bernstein proposes a set of postulates for the theory 
of probability based on Boolean logic. 


2. With due attention to historical perspective, Professor 
Dickson discussed various unsolved problems in the theory of 
numbers, including questions on perfect numbers, amicable 
numbers of higher order, symmetric functions of the totitives 
of a composite modulus, Fermat’s numbers connected with 
inscriptible regular polygons, Waring’s problem, and the dis- 
tribution of primes. In particular, the opinion was expressed 
that various topics in the theory of numbers presented an excel- 
lent opening for investigation both by amateurs and profes- 
sional mathematicians who are not actively engaged upon 
mathematical investigations. No separate publication of this 
paper will be made, as the material presented is to be found in 
the writer’s History of the Theory of Numbers now in press by 
the Carnegie Institution. 


3. The problem of the strain of a gravitating sphere by 
small disturbing forces having a spherical harmonic potential 
has been completely solved for the case of uniform density, 
and certain cases of variable density have been solved on the 
assumption of incompressibility. Professor Hoskins’s paper 
contains the solution for an important class of cases of variable 
density without restriction of the value of the modulus of com- 
pression. The cases covered are those in which the density is 
a rational integral function of the distance from the center. 
Reasonable assumptions regarding the density of the earth 
may be represented to a close approximation by relatively 
simple functions of this kind. A series of numerical results 
has been obtained for a case in which the density function is a 
binomial. 


4. In this sequel to former studies in primitive groups it is 
shown that if a primitive group, not alternating or symmetric, 
contains a substitution of prime order p and of degree 6p, 
p > 6, its degree in no case exceeds 6p + 10. In fact the 
degree cannot be 6p + 7 or 6p + 8 if p>7. If p= 7, the 
limit of the degree is 49. Professor Manning found his task 
considerably lightened by the following theorem: A simply 
transitive primitive group in whose subgroup that leaves one 
letter fixed there is one and only one doubly transitive con- 
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stituent of degree m must have in this maximal subgroup at 
least one transitive constituent the degree of which is a divisor 
(> m) of m(m— 1). This paper has been offered to the 
Transactions for publication. 


5. In this paper Professor Winger shows how the classical 
properties of the rational cubic, R*, can be derived quite 
simply from the theory of involution. The method is then 
employed in the discovery of new theorems. In particular the 
contact conics, including the perspective conics, are discussed. 
The paper closes with some theorems on the hyperosculating 
curves, i. e., curves whose complete intersections with R? fall 
at a point. 

W. A. MANNING, 
Secretary of the Section. 


ON INTEGRALS RELATED TO AND EXTENSIONS 
OF THE LEBESGUE INTEGRALS. 


BY PROFESSOR T. E. HILDEBRANDT. 
(Continued from page 144.) 
III. Stiettyes INTEGRALS AND THEIR GENERALIZATIONS. 


While the Lebesgue integral received almost immediate 
attention and recognition and found its way rapidly into 
mathematical literature and thought, it is only recently that 
the definition of Stieltjes seems to have received the considera- 
tion to which it is entitled by virtue of its range of appli- 
cability and usefulness. As a matter of fact, in the opinion 
of the writer, it seems to be destined to play the central réle 
in integrational and summational processes in the future. 

1. Definition of the Stieltjes Integral—(Cf. Stieltjes (23), 
pages 71 ff.; Perron (17), page 362; Fréchet (5), pages 45-54; 
Young (29), pages 131, 137.) A definition for this integral 
was given first by Stieltjes in his memoir on continued frac- 
tions. The integral depends for its value upon two functions 
f(x) and v(x) defined on an interval (a, b). We suppose that 
they are both bounded. Then the definition is as follows: 
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Derinition. Divide (a, b) into a finite number of intervals 
by the points a = x, %1, r= b. Let be any point 
interior to (x;-1, x;) and form the sum 


If this sum has a limit as the number of divisions is increased 
and their maximum length diminished, this limit is the Stieltjes 


integral 
f f(x)dv(z). 


Stieltjes stated his definition for f(x) any continuous func- 
tion and v(x) a monotonic non-decreasing function and showed 
that in this case the integral exists. If we desire this integral 
to exist for every function continuous on (a, b) it is necessary 
and sufficient that x(x) be of bounded variation. However 


for the existence of an f fdv it is not necessary either that f(x) 
be continuous nor that v(x) be of bounded variation. For 
instance, we have the proposition 

(1) If f(x) is continuous and v(x) of bounded variation then 


the Stieltjes integral 
exists also and we have : 
b b 
f vay = — 


The proof depends upon the rearrangement of the terms in 
the sum 3.* 

In the sequel we shall confine ourselves mainly to the case 
in which 2 is a function of bounded variation, or more par- 
ticularly monotonic non-decreasing, from which the former 
case can be deduced on account of the fact that every function 
of bounded variation can be expressed as the difference of 
two monotonic non-decreasing functions. 

As in.the case of a Riemann integral we have the following 
theorem relative to the existence of a Stieltjes integral, » being 
a function of bounded variation: 


* Cf., for instance, Bliss (1), p. 29. 
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(2) A necessary and sufficient condition for the existence of 
the Stieltjes integral { fdv is that the total variation* of the func- 
tion v(x) over the points at which f(x) is discontinuous shall 
be zero. 

Among other things, this theorem would require that the 
function v be continuous at points of discontinuity of f. 

The following simple instances of Stieltjes integrals may be 
of interest: 

(a) If there exists a function w(z) such that 


= w(2)dr, 
ff seduce) = 


the integral on the right-hand side being taken in the same 
sense as that of w(z). 

(b) Suppose »(z) monotonic non-decreasing, and discon- 
tinuous at the points 2; < 22 < x3 ---, which approach b as 
a limit; let the measure of the discontinuities of »(x) at these 
points be the positive numbers 1, v2, ---, respectively. Of 
necessity the series 2, is convergent. In the interior of the 
interval S < 2p) let v(x) be constant and equal to 


De and v(b) = at. Then evidently, if f(x) is continuous 
in (a, b), 


then 


b 


f f(x)do(x) = (an). 


(c) If in example (6) we assume that in the interval (x,_; 
<x < 2), we have 


n—1 
v(x) + Vi, 
i=1 
with 0(b) = b + Lym, then 


f f(x)do(x) = f f(x)dx + Zntnf(tn). 


These examples illustrate the fact that the Stieltjes integral 


* For the noe of the total variation over a set of points cf. below, 
§5. This theorem has been communicated to me by Bliss. Cf. also 
Young (29), pp. 132, 133, for the case where v(x) is monotonic. 
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in addition to giving an ordinary definite integral introduces 
also the values of the function integrated at special points. 
In this direction Fréchet has shown 


(3) The Stieltjes integral f f(x)dv(x) can be broken up into 
the sum of three terms 


f f(x)do(x) = f S(x)a(a)dx + + f f(x)du(z), 


in which a(z) is a summable function and hence the first term 
a Lebesgue integral; the z, are the points of discontinuity 
of v(x) and t% = v(t, + 0) — v(2, — 0); and wu is a continuous 
function of bounded variation which has a derivative zero 
excepting at a set of measure zero. 

For if we set 


g(x) = — — 0)) (v(an + 0) — v(2n)), 


then the function x(x) — ¢(z) is continuous and of bounded 
variation. Hence, if a(x) is equal to one of its derived func- 
tions wherever this is finite, and zero everywhere else, then 


— o(2) = + ula), 


where u(x) is the variation of v(x) — g(x) over the set of 
points of measure zero at which the derivative a(x) would be 
infinite.* The form of the theorem is then an immediate 
consequence of this decomposition of the function »(z). 

2. Some Properties of the Stieltjes Integral.—(Cf. Perron (17), 
pages 366 ff.; Riesz (21), pages 38, 39.) We note the fol- 
lowing properties of the Stieltjes integral, » being a function 
of bounded variation and f being supposed to be integrable 
with respect to v in the interval (a, b): 


(1) ff fae. 


* Cf. Bliss (1), p. 40; de la Vallée Poussin (24), p. 93. 
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(3) f cfdyv =e f fde. 


(4) If f 2 0 and x(x) is monotonic non-decreasing then 


f fas 2 0. 


ff sae |do| = ff where is the total 


variation of v(x) from a to z. 


(5) 


(6) {. dv = v(b) — v(a). 


(7) If lim, f,(~) = f(x) uniformly on (a, 6), then 


lim, f fn(x)dv = f f(x)do. 


(8) If iY fdv = 0 for all continuous functions and » is a 


function of bounded variation, then v(x) 1s constant except at 
a denumerable set of points between a and b, and conversely. 


3. Comparison of the Stieltjes Integral and the Lebesgue 
Integral.—(Cf. Lebesgue (14); Van Vleck (25).) Lebesgue 
(14) has shown that every Stieltjes integral is expressible as a 
Lebesgue integral. He gives two modes of procedure. In 
the first let w(x) be the total variation of v(x) in the interval 
(a, x). Let 2(w) be the inverse function of w, with the con- 
vention that in case w(x) is constant in the interval (1, m), 
we take for x(w) any of the values in this interval, for instance l. 
Substitute this function in the function v(x), and assume that 
if zo is a point of discontinuity of v(x) then we make »(z(w)) 
linear in the intervals between w(zp — 0) and w(z9), and 
w(xo) and 0). Then v(2(w)) = u(w) will be a func- 
tion of bounded variation having total variation equal to w 
at any point, and so, if w’ is any of the derivatives of u with 
respect to w, it will take only the values + 1 and — 1, and 
we shall have 


u(w) = f u'(w)dw. 


| 
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f f(x)do(z) = f(w)u'(w)dw, 


where now f(w) is no longer continuous but has a denumerable 
set of discontinuities of the first kind, i. e., f(wo — 0) and 
f(wo + 0) exist at every point; and the integral on the right 
is a Lebesgue integral. 

The other transformation which Lebesgue suggests rests 
upon the fact that a function of bounded variation can be 
expressed as the difference of two monotonic non-decreasing 
functions. If v(x) = g(x) — h(x) and we define x(g) and z(h) 
as above, and then replace the variables g and h by 


g — g(a) = (9(b) — g(a))t = Kit, 
h — h(a) = (h(b) — h(a))t = Ket 


and set 2(g) = 2:(t) and z(h) = 2,(t), then we can express 


f f(x)do(z) = f [Kif(ai(t)) 


We note that in the Fréchet expression of § 1, the interval 
of variation of f is still (a, b); in both of these last expressions 
we have a new variable of integration and a new interval of 
integration. 

On the other hand Van Vleck (25) has given a very simple 
transformation of a Lebesgue integral into a Stieltjes integral. 
As a matter of fact we might point out that the Lebesgue 
integral is by its very manner of definition a Stieltjes integral. 

He shows that if | < f(z) < L and p(y) is defined to be the 
measure of the set E for which 1 < f < y, then 


By using the integration by parts formula (1), Bliss ((1), 
page 28) shows that a Lebesgue integral is reducible to a 
Riemann integral,* viz., 


b L L 
(L) f fla)dz = (8) f f u(y)dy. 


* Cf. also Young (26), pp. 245ff.; Denjoy (4(6)), pp. 191-203; Lamond, 
American Journal of Mathematics, vol. 36 (1914), pp. 387, 388, in which 
the final formulas are incorrect. 


Hence 
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If f(z) is not bounded on (a, b), we have 
= 


ydu(y) = Jim f 


A similar reduction of the Pierpont integral to the Stieltjes, 
and thence to a Riemann integral can be made, if we express 
the measure function u(y) in terms of upper measure instead 
of measure. 

4. Applications —(Cf. Riesz (21), pages 40-43, 51-54; 
(22).) We would seem to have shown in the last section 
that the Stieltjes and Lebesgue integrals are equivalent. 
This is true in the sense that each of them can by a trans- 
formation be evaluated in terms of the other, but in the trans- 
formation we change both the function and the interval of 
integration. It does not however follow from this that 
wherever we use a Stieltjes integral a Lebesgue integral will 
serve just as well. Perhaps the best illustration of this fact 
are the two applications of Stieltjes integrals which we shall 
briefly consider, the first of which has probably contributed 
more than any other to direct. attention to the Stieltjes 
integral. 

The first application is in the theory of linear functional 
operations. Let § be the class of all continuous functions f on 
an interval (a,b). Then U is said to be a functional operation 
on %, if for every function f of § there is a corresponding real 
number U(f). 

A functional operation which is linear is generally defined 
to have the following two properties: 

(a) distributivity: U(fi + fe) = U(f:) + U (fe); 

(b) if lim, f, =f uniformly on (a, 6), then 
lim, U(f,) = 

It can then te shown that every linear functional operation 
U possesses also the properties 

(c) U(cf) = cU(f), ¢ being any constant; 

(d) there exists a quantity M such that, for every function f 
of the class §, |U(f)| < M X maximum of |f|. 

If the functional operation U has the property (a), then 
the property (d) is equivalent to the continuity property (5). 


where 
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As illustrations of linear functional operations we cite 


U(f) = f(x)u(x)dz, 
U(f) = f(a), 


where u(x) is any summable function on (a, 6), and where 
the u, constitute an absolutely convergent series and the 2, 
are any points of the interval (a, b). 

Hadamard* has shown that for every linear functional 
operation U(f ) on the class of all continuous functions there 
exists a sequence of integrable functions u,(x) such that 


U(f) = lim, f f(x) un(x)dz, 


but the functions u(x) do not necessarily have a summable 
function as a limit. On the other hand, Hellyf has shown 
that there exist a set of constants um, a set of points 7_™ 
on the interval (a, b), and a set of integers r,, such that 


= Tim win 


Each of these expressions for a linear U(f) is rather compli- 
cated. Perhaps the most elegant expression for a linear 
operation has been given by Riesz, who shows that there 
exists a function of bounded variation u(x) such that 


=f 


Riesz’s second proof of this fact (cf. (22)) is really quite simple 
and elegant. It is made to depend upon the extension of the 
application of U(f) to functions which are constant on 
intervals, and this leads directly to a definition of the func- 
tion u(x) and to the expression of U(f) fer any continuous 
function f(x) as a Stieltjes integral. 

A second application is allied to the Weierstrass theorem 
that every continuous function is expressible as the limit of a 
uniformly convergent sequence of polynomials, i. e., linear 
combinations of the functions 1, z, 2”, ---, 2", ---. This 


* Cf. Legons sur le Calcul des Variations, I, pp. 289-302. 
+ Cf. Wiener Berichte, vol. 1212. (1912), pp. 277-8. 
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theorem has suggested the question: under what conditions, 
necessary and sufficient, can we say of a given set of functions 
g1(x), continuous on (a, b), that any continuous 
function can be expressed as the limit of a uniformly con- 
vergent sequence of functions which are linear combinations 
of the ¢,(z). 

Various necessary or sufficient conditions in terms of 
Riemann integrability and Lebesgue summability were given, 
involving the derivatives of the functions g,, but it remained 
for the Stieltjes integral to provide a condition both necessary 
and sufficient, which is as follows (cf. Riesz (21), pages 51-54): 

A necessary and sufficient condition that every continuous 
function may be uniformly approximated by linear combina- 
tions of a set of functions [g;(x), ---, n(x), ---] is that the 
only solution of the equations 


f ¢n(x)du(x) = 0 (n = 1, 2, ---), 


for a u(x) which for every 2 satisfies the condition 
u(xo) = + 0) + — 0)), 


is u(x) = constant. 


5. Extension of the Stieltjes Integral.—In constructing a de- 
scriptive definition of integration Lebesgue* sets down the 
following six properties sufficient to characterize his definition 
of integration: 


L(1) ff see = — h)dx. 
f + [sede = 0. 
1a) f + f f (fle) + o(a))de. 


b 
L(4) If f = 0 and b > a, then f f(x)dx = 0. 


1 b 
L(5) 1Xde=10r f 1Xde=b-a. 
a 


* Cf. (13), pp. 98, 99. Cf. also Annales de l’Ecole Normale Supérieure, 
ser. 3, vol. 27 (1910), pp. 368, 369 and 374 ff. 


| 
| 
E 
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L(6) If f,(x) is a monotonic non-decreasing sequence of 
functions having f(z) as a limit, then 


lim, fa(x)dx = f f(x)de. 


If we turn back to § 2, we observe that there are properties 
of the Stieltjes integral which are very similar to these; in 
particular we find a marked similarity between (1), (2), (4) 
and (6) of §2 and L(2), L(3), L(4), and L(5) above. We 
observe that the main dissimilarity between the properties 
are in the absence of an analogue of (1) and the fact that in 
the analogue (7) of L(6) the convergence to the limiting 
function f(x) is uniform instead of monotonic. In discussing 
this last difference first, we observe that it is really the property 
L(6) which characterizes the Lebesgue integral as distinct from 
the Riemann, i. e., in effect that the continuity of the Riemann 
integral operation is one based on uniform convergence of the 
functions, and that of the Lebesgue one is based on monotonic 
sequences. It is this distinction which we find emphasized 
in the later treatments of Young (cf. (27) and (28)). It seems 
that an obvious conclusion is that, if we start from the following 
properties modelled after those of Lebesgue, we might expect 
to arrive at a Lebesgue generalization of the Stieltjes integral: 


8(1) 9(z) is = monotonic non-decreasing function of z. 

S(4) If f > 0 and b > a, then i flz)dv(z) > 0. 


S(5) f dv(x) = v(b) — v(a). 


S(6) If f, is a monotonic non-decreasing sequence of func- 
tions such that lim, f, = f, then 


lim, f fn(x)do(x) = f f(x)dv(z). 


| 
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In the above properties S(1) is not an analogue of L(1), 
which would have the form 


f fla)do(z) = fle — 


If we use this property in connection with S(5) we get 
v(b’) — v(a’) = v(b’’) — v(a’”’) 
for every pair of subintervals of (a, b) for which 
b’ — a’ = 6” — a”. 


In as much as 2 is a continuous function except at a denu- 
merable infinity of points, this would require that the function 
v(x) be continuous throughout the interval, and from this 
in turn we would conclude that »(z) is linear and of the form 
cx -+d. If we impose on this the requirement L(5) instead 
of S(5) we get v(x) = x+ cc. In other words, it seems that 
the property L(1) plays a principal réle in characterizing the 
Lebesgue and Riemann integrals as distinct from the Stieltjes. 

By following through a method of reasoning similar to that 
of Lebesgue ((13), pages 98-102), but on the basis of the prop- 
erties S(1)—S(6), we arrive at a result similar to the one which 
he obtains, viz., 


In order to find i fd», it is sufficient to know how to find 


b 
f ydv, where y is a function which takes only the values 


zero and unity. 

Lebesgue determines his function y to be the measure of the 
set of points E for whichy = 1. Radon ((19), pages 1305 ff.) 
has suggested a method of procedure to be applied to any 
monotonic non-decreasing function which has the continuity 
property v(x — 0) = v(x) at every point of the interval. 
This requirement is a result of the fact that he considers as 
the basis of his operations half open intervals (a < xz < 5b). 
We modify this method slightly, using open intervals instead 
of half open ones. 

We proceed to define a function »(£) on a set of points E 
corresponding to the measure function, as follows: If E = 
(a’ < x < b’) then = v(b’ — 0) — o(a’ + 0). If aandb 
are the extremities of the fundamental interval, then we take 
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for vo(E) = v(b) — o(a). In order to 
avoid circumlocution, we might think of the interval (a, b) as 
extended by ¢€ on each end, and have v(a — €) = v(a) and 
o(b + €) = v(b), and think of the interval (a, b) as enclosed in 
an open interval extending beyond a and b. Complementary 
sets will be taken with respect to the closed interval (a, b). 

For any set E, we define then a quantity v(£) as follows: 
Enclose the points of E in a finite or denumerable infinitude 
of open intervals a,; then 


0(E) = B(Znv(an)), 


i. e., 0(E) is the least upper bound of the sums 2, (a,) for all 
possible enclosures of the set E in open intervals. Let CE 
be the complementary set to E relative to the closed interval 
(a, b). Then we define 


v(E) = o(a, b) — o(CE).* 


When 2(£) = o(E£), we say that E is measurable relative to 
v(x), and define v(E) to be the common value. The totality € 
of sets measurable relative to v(x) form a class of sets which 
have the following properties: 

(1) If E, and E, belong to the class ©, then E, + E, and 
E, Ez also belong to €. 

(2) If Ey, ---, En, --- belong to € and are mutually dis- 
tinct, then also belongs to 

(3) The Borel measurable sets belong to &. 

Further v(£) has the properties 

(1) If E; and E, belong to &, then 


+ Ex) + = + v(E2). 
(2) If Ey, ---, En, --- belong to € and are mutually dis- 


tinct, then 
0(2,En) = Zn0(E,), 


i. e., vis what Radon ((19), page 1299) calls an absolutely addi- 
tive function. 

* Note that the values of »(#) and v(F) are independent of the values 
of v(x) at its points of discontinuity. We might then have assumed 
with Radon v(z — 0) = v(x) at every point. In particular we have 

=a =z’) = + 0) — — O), not v(b’) v(a’). 


+ For the proof cf. Radon (19), pp. 1305 ff. Bliss (1), pp. 12-17, has 
given a careful analysis of the case in which v(z) is a continuous monotonic 
non-decreasing function. 
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(3) For every E of € and for every ¢ > 0, there exists a 
closed set E’, contained in E and &, such that »(£) — v(E’) < e. 

In case v(x) is of bounded variation instead of monotonic 
non-decreasing, it can be expressed as the difference of two 
monotonic non-decreasing functions p(x) and n(x). We can 
then find the class @, of all sets measurable relative to p(x) 
and ©, of all sets measurable relative to n(x). We say that 
the class € of all sets measurable relative to v is the greatest 
common subclass of the classes ©; and ©, and set 


o(E) = p(E) — n(£). 
The total variation of v over the set E is defined to be 


= p(E) + n(£). 


6. The Fréchet Generalized Integral—(Cf. Fréchet (6).) 
Instead of proceeding to the definitions of integration of the 
function f with respect to the (EZ) defined in the preceding 
section, on an interval (a, b) or a set E, we prefer to discuss the 
definition of integration suggested by Fréchet, which includes 
the Lebesgue, Young, Pierpont, and Stieltjes integrals as 
special cases by properly assigning the function v. 

Suppose a set $ of general elements p. Suppose further a 
class € of subsets E of elements of p. which has the following 
properties: 

(1) If and E, belong to G, then + and also 
belong to &. 

(2) If Ei, ---, En, --- are sets belonging to ©, which are 
without common elements, then 2,2, also belongs to &. 

On the class ©, we suppose that there is defined an abso- 
lutely additive function v(E) which has the following property: 

If Ey, ---, En, --- are sets belonging to € without common 
elements, then 

0(2,E,) = 2,0(E,). 


Then it can be shown that there exist two functions 2;(£) 
and ».(£), satisfying the same condition as v and in addition 
the condition 7,(£) 2 0 and »(E£) 20 for every E, and 
such that 

o(E) = — »,(£). 


We shall assume in the sequel that in addition to being 
absolutely additive, the function v(F) is also monotonic, i. e., 


v(E) = 0 for every E. 
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The changes in the properties and definitions given below are 
obvious, when this last requirement is omitted. 
Suppose there is defined on $ a function f(p). In defining 


a value for an integral f fdv, we can follow the method of 


Young or that of Lebesgue. 

For an analogue of the Young integration, we divide E into 
a finite or denumerable set of subsets E, of ©, and let m, 
and M,, be the upper and lower bounds, respectively, of f on E,. 
Let 


S=2,M,v(E,) and s = 2,m,0(E,). 


Then the upper integral it fd» is the greatest lower bound of 


the values of S and f fd» the least upper bound of the values 
VE 
of s for all possible divisions of E into a finite or denumerably 
infinite number of sets belonging to ©. We say that f fdo 


exists, when the upper and lower integrals are equal. 

If f is not bounded on E£, then the divisions of E must be 
restricted to be such that M, and m, are finite. In particular 
a necessary and sufficient condition for the existence of finite 


values for F and f , the upper and lower integrals, is that there 


shall be at least one division of E into a denumerable set of 
distinct sets E for which the value of S formed for |f| , 
>,M,0(E,), is finite. 

On the other hand we are able to give a definition of inte- 
gration which is analogous to that of Lebesgue. We say 
that f is measurable relative to ©, if the set E for which f > 1 
belongs to € for every value of /. It follows from this that 
the sets E for which /; < f < J, belong to € for every 1, and l2. 

Let us divide the interval — «© to + © by means of the 
points ---, ly, Li, ln, and let be the set 
for which 1 Sf <I. We say that f is swmmable relative 
to v and &, if there exists a division of — © to-+ © for which 


> 1,0(En) is absolutely convergent. 


If f is measurable and summable relative to v and &, then 
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we define 
(L) f fdv = lim 2,An0(E,), 


where d is the maximum difference |, — 1,1, and I,1 < Xa 
< 1,, which limit can be shown to exist. 


These two definitions of integration, the (Y) f fd» and the 


(L) f fdv, are not in general equivalent, the first of the two 


being the more inclusive in that it may define an integral for 
functions which are not integrable according to the second 
definition. For instance, if we suppose that $ is the linear 
interval (a, b), and the class € is the class of all Borel measur- 
able sets of points, then the (Y) integral method of definition 
will make all Lebesgue summable functions integrable, while 
the (Z) integral method is restricted to Borel measurable 
functions. If however we assume that this € is extended to 
include all the Lebesgue measurable sets, i. e., if we add to the 
class € all the sets E for which there exists a Borel measurable 
set B, including it and a Borel measurable set B, included 
within it, for which 


meas B,; = meas Bz, 


then the two definitions are equivalent.* 

A similar result holds in the more general situation. If we 
extend the class € so as to include all sets E for which there 
exists an FE, and an E, belonging to & such that E, < E < kp, 
and v(E1) = v(E2), and call the resulting class complete as to », 
since no further extension will be possible, we shall have the 
proposition: 

If € is complete as to v, then the general Young integral 
definition is equivalent to the general Lebesgue integral definition, 
and the integrals of f with respect to v on any set E of € take the 
same value. 

There is no difficulty in writing down some of the more 
important properties of these integrals, either from the corre- 
sponding properties of the Stieltjes or the Lebesgue integral. 
We note only the following: 

(1) If E,, Ee, ---, En, «++ belong to &, and have no common 


* Cf. for instance, de la Vallée Poussin (24), pp. 31-33. 
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elements, and if f fd exists for every n, then if E = 2,E,, 
z, 


Zn fdo = fde. 


(2) If the f, are defined on [ and lim, f, = f on $, then 
if the f, are integrable relative to v on E for every n, and f is 
summable on E, f will be integrable relative to » and 


lim, f fadv = f fae, 
E 


if (a) the sequence f, is monotonic non-decreasing, or (b) 
|f2 — {| is a bounded function on E and with respect to n. 

7. Special Cases of the Fréchet Integral—(Cf. Young (29); 
Radon (19), pages 1305 ff.) We have already indicated in the 
preceding paragraph that if we assume $ to be any linear 
interval (a, b) and € to be the class of all Lebesgue measurable 
sets of points on (a, b) while v(£) = meas E, the Fréchet 
integral reduces to the Lebesgue or Young integral, depending 
upon which manner of definition is followed out. Similarly 
if B is any set of points on (a, b), and € is the class of all sets 
measurable relative to {, then if we put »(E) = meas E, we 
obtain the Pierpont integral for any set E of the class G. 

If we let { be the interval (a, b), and v(E) the function of 
sets defined from the monotonic non-decreasing function (2) 
in § 5, and & the class of all sets of points measurable relative 
to v(x), which class will be complete as to 2, then we get an 
extension of the Lebesgue integral to the Stieltjes integral, 
which, by putting v(x) = 2, reduces to the ordinary Lebesgue 
integral, and has properties analogous to those of both the 
Stieltjes and Lebesgue integrals.* 

Young has given an extension of the Stieltjes integral on 
the basis of monotonic sequences of semi-continuous functions 
which is equivalent to the one which we have just derived. 


He defines the value of f fdv, » being a monotonic non- 


decreasing function, for functions which are upper or lower 
semi-continuous but constant on subintervals of the interval 
(a, b), i. e., what he calls simple u- and /-functions. If f(x) 


* Cf. also Daniell, this BULLETIN, vol. 23, pp. 209, 211. 
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is constant in each of the intervals formed by the points of 
division a = 2, ‘21, ---, 2% = b, then his expression can be 
reduced to 


n—1 


+ + 0)(v(ai41 — 0) — + 0)), 


where we assume that (2) — 0) = x(a — 0) = v(a) and 
+ 0) = o(b + 0) = 

From this definition of integration for simple upper and 
lower semi-continuous functions he passes by monotonic 
sequences of these functions to the integrals of upper and 
lower semi-continuous functions, and then proceeds in the 
same way to the general case, i. e., he formulates the following 
definition: 

Form the integrals with respect to v(x) for all upper semi- 
continuous functions less than the given function, and take 
the upper bound of these integrals; form the integrals with 
respect to v(x) of all lower semi-continuous functions greater 
than the given function and take the lower bound of these 
integrals; if these two bounds agree the function is said to 
have an integral with respect to v(x), which is the common 
value of the bounds. 

In showing the equivalence of this definition to the one 
which we have proposed above, we note first that the value 
of the integral of simple w- and /-functions as given by Young 
is the same as that which we should obtain from our definition. 
The fact that if a function is integrable according to this 
Young definition, it is also integrable as above, with respect 
to v(x), is then immediately evident. 

To prove the converse, it is sufficient to show that if E is 
any set measurable relative to v(x), and f(x) has the value 


unity for z on E and zero elsewhere, then the (Y) f fde exists, 
E 


and is equal to o(£). For this purpose we may vse the 
property of »(Z) noted previously: 

If v(E) exists, then for every ¢ > 0 there exists a closed set 
E’ contained in E such that v(E’) — v(E) < ¢; 
and the further fact apparent from the definition of v(£): 

If v(E) exists, then for every ¢€ > 0, there exists a set of 
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non-overlapping open intervals a, such that every point of 
E is interior to some a, and 2,0(a,) — v(E) < e. 

Radon has shown how one can define a 0(E) with respect to 
monotonic functions in space of any number of dimensions. 
So far however none but trivial examples for a general function 
space have been given. It still remains therefore to give 
examples of functions o(Z) for spaces of infinitely many 
dimensions, and function spaces, which are not trivial. 

It may be of interest to note, finally, that the general 
Fréchet-Stieltjes integral of a bounded function, when existent 
on a complete class G, is expressible as an ordinary Stieltjes 


integral in the form f ydu(y), where 1< f < L and p(y) is 


the value of »(E,) where E, is the set of elements for which 
f<.y. This integral in turn is expressible as an ordinary 
Riemann integral. In a sense then the general Fréchet inte- 
gral is equivalent to the Stieltjes integral on a linear interval. 
The extension to the case of an unbounded function is obvious. 


IV. Tae INTEGRAL. 


1. Definition of the Hellinger Integral and its Relation to the 
Lebesgue—(Cf. Hellinger (11), pages 236 ff.; Hahn (7), pages 
170-183; Riesz (20), page 462.) | We conclude our discussion 
of definitions of integration with a brief mention of the Hel- 
linger integral and its generalizations. It is closely related 
to the Stieltjes integral, as a matter of fact extends in a way 
the ideas underlying this latter integral, and also had its 
origin in an attempt to break up into component parts a 
Stieltjes integral found by Hilbert in his work on quadratic 
forms in infinitely many variables. It is defined as follows: 

Let v(x) be a monotonic non-decreasing continuous function 
of x in an interval (a, b). Further let f(x) be any continuous 
function of x, which is constant in the intervals in which v(x) is 
constant, i. €., tf v(x2) — = 0, then f(xe) — = 0. 
Divide the interval (a, b) into any finite number of intervals by 
means of the points a = 2, 21, «++, In = 6, and form the sum 


— f(x)? 


the quotient being defined to be zero when v(xi41) = v(a;). It 
can then be shown with the aid of the Schwarz inequality that this 
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sum does not decrease when we subdivide the intervals (2x;, 2:41). 
The least wpper bound of this sum for all possible divisions of the 
interval (a, b) is defined to be the Hellinger integral 


(df? 


If the Hellinger integrals 


(af)? (df)? 
Sond f 


exist, then it can be shown that the Hellinger integral 


also exists and that we have 


which corresponds to the Schwarz inequality. 

Hahn has stated a necessary and sufficient condition under 
which the Hellinger integral of f with respect to » will exist, 
and incidentally given the relation between Hellinger and 
Lebesgue integrals. Suppose we take the inverse z(v) of the 
monotonic function v(x). This will not have a unique 
definition at the values of » for which (x) is constant, but 
when we substitute it in the continuous function f(x) which 
is constant where v(x) is constant, we obtain a continuous 
function F(v) of » defined in the interval (x(a), v(b)). 

Then Hahn’s theorem is: 

A necessary and sufficient condition for the existence of the 

Hellinger integral 
(df? 


db 
is that F(v) be the indefinite integral of a function F’(v), which 
is summable and of summable square. Moreover we have 


(F’(»))*dv. 


This theorem thus expresses the Hellinger integral in terms 


= 
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of a Lebesgue integral, and a Lebesgue integral in terms of a 
Hellinger. For the proof of the theorem we refer to Hahn’s 
memoir (7). Riesz previously obtained a similar result for an 
integral of the form 


df\? 
4 (p > 1), 


viz., a necessary and sufficient condition that a continuous 
function F(x) be the indefinite integral of a function F’(z) 


for which rs | F’(x)|?dx with p > 1 exists, is that there exist 
a finite upper bound for the sum 
| F(x;) = F(x;-1) |? 


— 


for all possible subdivisions of the interval (a, 6) into a finite 
number of subintervals. 

So far the Hellinger integral has shown itself of value 
in the theory of quadratic forms in infinitely many variables 
and the related fields, in which it is effective in breaking up 
such a form into the sum of squares of linear forms in infinitely 
many variables, thus completing the analogy with the finite 
case. No simple reduction of this character has been thus 
far made by using the Lebesgue integral only, even though 
the Hellinger integral is expressible in terms of the Lebesgue. 

2. Generalizations of the Hellinger Integral—(Cf. Radon, 
pages 1351 ff.; the Moore generalization has been given by 
Moore in lectures at the University of Chicago, 1915-17.) 
An extension of the Hellinger integral has been given by 
Radon. He presupposes a class € of sets E of the type 
discussed in §§ 5 and 6 of Chapter III in connection with the 
Fréchet general integral, but limited to points in a space of a 
finite number of dimensions. He assumes further a function 
v(£) which is monotonic, i. e., o(£) 2 0 for every E of the 
class ©, and is absolutely additive, i. e., for every denumerable 
infinity of mutually distinct sets ---, En, of 


= 


He further assumes that the functions f are defined on the 
class ©, are absolutely additive and so of bounded variation, 


1918.] INTEGRALS RELATED TO LEBESGUE INTEGRALS. 197 


and in addition such that if 0(E)=0 then f(Z)=0. A set E 
is then divided into a finite number of subsets E,, ---, E, of 
the class ©, and the expression 


|f(Ei)|? 
(0(E;))?* 


formed, the quotient being defined to be zero if »(E,;) = 0. 
Then the least upper bound of this expression for all possible 
finite subdivisions of the set E into sets E; is defined to be the 


integral 
f |df|? 
(dv)? 


When p = 2, this integral reduces to the Hellinger integral 
if »(E) is formed on the basis of a continuous monotonic non- 
decreasing function as in § 5 of Chapter III; and to the sum 
of squares if formed on the basis of a monotonic non-decreasing 
function, constant except for a denumerably infinite set of 
points of discontinuity. 

Radon proves also a theorem for the space of n dimensions, 
which corresponds to the Hahn theorem on Hellinger integrals: 

A necessary and sufficient condition that the generalized 
Hellinger integral 

|df|? 


(dv)? 


exist, is that there exists a function F defined on the funda- 
mental set $3, such that f(E) = f Fd» for every E of &, and 


for which the generalized Stieltjes integral f | F|?dv exists, 


this last integral being equal to the generalized Hellinger 
integral of f with respect to ». 

The function F which appears in this theorem is of the 
nature of a derivative of the function f(E) with respect to 
the monotonic function »(£); in other words, this connects 
with the idea of the derivatives of functions with respect to 
monotonic functions or'more generally functions of bounded 
variation. Some results in this direction have recently been 
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obtained by Young,* though there still is undoubtedly a 
considerable field for investigation. 

A generalization of the Hellinger integral in a different 
direction has been proposed by Moore. He starts from the 
integral in the form 

df 


a 


and observes that it is bilinear in f; and fe, and it is the bilinear 
aspect of the Hellinger integral which dominates his gener- 
alization. The germ of the generalization is contained in the 
observation that the Hellinger integral 


df df. 
dv 


can be written as the limit (or the least upper bound if f; = fe) 
of a double sum of the type 


where a S 8; < 8 --- <8, <b isa partition 7 of the interval 
(a, b), and w,(s, t) is a function of two variables which depends 
for its value on the values of » and the partition 7. 

Suppose then that § is a class or set of elements p, con- 
cerning the character of which nothing is postulated, i. e., 
they are perfectly general. We denote by o any finite col- 
lection (p1, ---, Pn) of distinct elements of %. Let there be 
defined functions {(p) which make correspond to every value 
of p a real or complex number a. We denote by & the con- 
jugate function, i. e., the function which for every p takes 
on the values conjugate to those of &. 

Let €(p, q) be a function of the two variables p, g, each of 
which varies over the range . We shall assume that e(p, q) 
has the following two properties: 

(a) = €(q, p). 

(b) For any o the determinant of the values ¢(p;, p;), 
i,j] = 1, ---, n is positive and not zero. 


* Cf. Proceedings Lond. Math. Society, ser. 2, vol. 15 (1916), pp. 35-64. 
See also de la Vallée Poussin: (24), pp. 67 ff., where the case in which 
v(E) = meas £, i. e., v(x) = z is treated. 
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Then we define the operation J as follows: 
0, (p1), E(pn) 


Jté = — lim E(Dn), €(Pny Pi)» €(Dny pn) | 
€(pi, Pi); Pn) 


? 


€(Pn, Pi), €(Pny Pn) 
in which by 
lim F(¢) = a, 


we mean* that for every e > 0, there is a o, such that if ¢ 
contains ¢,, then | F(a) — a] Se. 
More recently he has replaced this definition by one in 
which the least upper bound notion replaces that of limit as 
tog. It is as follows: 

Form for any ¢ the least upper bound of the values of 


for all functions‘n for which we have 


n(pie(pi, pi)n(p;) = 1. 


Then the least upper bound of these least upper bounds for 
all possible o is defined to be Jét. These two definitions are 
equivalent, i. e., for every function ~ they yield the same 
positive finitef or infinite value. 

We notice that this operation J is essentially dependent 
upon the ¢ chosen in any particular situation. If we specify 
ou¥ € we have theoretically determined the operation J, and 
the functions £ for which the Jéé exists, i. e., is finite. 
For instance if § = (1, 2, ---) and e(p, g) = the Kronecker 


* Cf. Proceedings Nat. Acad. Sciences, vol. 1 (1915), p. 630. 
+ As an instance of a function ¢(p) for which J¢¢ is finite, we might note 
e(p, q) for q fixed. For we have 


Je(p, e(p, 9) = €(9, 9)- 
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5, i. e., zero for p + q and unity for p = q, then 


Jit = Lime 


and the functions on which J operates are those for which 
the sum of squares of absolute values is convergent. More 
generally if the class § is perfectly general, and e(p, q) is as 
above, i. e., zero for p + q and unity for p = q, then the 
functions £ for which Jéé exists are different from zero only 
at most at a denumerable set of elements 71, ---, Pa, --- and 


JEE = (n)E(Pn)- 


The elements 1, ---, Pa, -**, at which the functions for 
which Jéé exists are different from zero, may differ for differ- 
ent functions. If $ is the linear interval (a, 6) this will 
then give an operation for the class of functions which are 
different from zero only at a denumerable set of points, which 
functions are disregarded in Lebesgue integration. 

If is the interval (a < p < b) and 


s—aifs<t 
t—aifs2t, 


=, 
[ 
i. e., the J-operation reduces to the Hellinger integral and 
the functions ~ are the continuous functions for which a 
Hellinger integral exists, i. e., according to the theorem of 
Hahn (§ 1) the continuous functions which are the indefinite 
integrals of functions which are summable and have summable 
squares. 
Similarly the Hellinger integral 


dtd 


e(s, t) = 
then 


is obtained if 
ia ¥(s) — ¥(a) fors St 
e(s, ) v(t) Beit > 


| 
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where y is a properly monotonic increasing function on the 
interval a < p Sb.* 

Moore has given non-trivial instances of e’s in the case in 
which p and q range over functional spaces. For instance 
if $ is the class of all continuous functions ¢(z) on the interval 


(a, b) then 


has the properties required of the « above.f Just what the 
character of the operation J is in this case does not seem to 
have been determined. 

This general operation had its origin in the desire to obtain 
for a general range, functional or otherwise, a theory which 
would be a generalization of Hilbert’s theory of biquadratic 
forms in infinitely many variables, as simplified by Hellinger. 
In addition to accomplishing this and incidentally throwing 
light on what is essential in the Hellinger theory, interest 
undoubtedly attaches to this generalization as being an instance 
of a bilinear operation in a general situation with instances of 
a non-trivial character, and for this reason it is bound to be 
the subject of further consideration and attention. 


The treatment of Borel’s definition of integration on page 
132 ff. is not entirely clear nor accurate. The definition 
should be interpreted as follows: 

f(x) is (B) integrable in case (a) there exists a set of singu- 
larities Z denumerable or even of measure zero, such that for 
every e€ and for every set of intervals which has total length 
at most ¢ and is such that each interval of the set contains at 
least one point of Z, the Riemann integral of f(x) on the com- 
plementary set P, exists, and (b) these Riemann integrals ap- 
proach a finite limit as € approaches zero. This limit is the 
(B) integral of f(x) on (a, b). 

Proposition (2) is not correct in that the condition given is 
necessary but not sufficient, an immediate consequence of 
proposition (3). If, in accordance with a suggestion recently 


* Professor Moore informs me that he has recently succeeded in remov- 
ing from the condition (b) above the hypothesis that the determinant 
| (pi, pj)| is not zero. This would allow y to be simply monotonic non- 
decreasing and the interval to be a= pb, which is the case treated by 
Hellinger. 

+ Cf. American Mathematical Monthly, vol. 24 (1917), pp. 31 and 333. 


| 
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made by Lusin,* we replace in condition (a) above the words 
“‘for every « and for every set”’ by “‘for every ¢ there exists 
a set’ and call the resulting integral a (BL) integral, then we 
can state proposition (2) in the following form: 

A necessary and sufficient condition that f(x) be (BL) 
integrable is that there exist a set of singularities Z, denumer- 
able or of measure zero, such that (a) the Lebesgue integral 
of f on the set Z+-Z’ exists, (b) if the (an, b,) are the intervals 
complementary to Z + Z’ then for every n 


lim (R) f 

exists and is finite, and this limit is defined to be the integral 

over (an, bn), (c) if w, is the maximum value of 


for dn S an’ by, then is convergent. 

If both the (B) and the (BL) integrals exist for a set Z, then 
the values will be the same. Also if either the (B) or the 
(BL) integral exist for different sets Z; and Z, then the result- 
ing integrals are the same. 

In the case of (BL) integrability we have the result that 
every (L) integrable function is (BL) integrable, but not 
conversely, in as much as (BL) integrable functions may be 
non-absolutely integrable. 

Finally we desire to remark that Borel’s first definition of 
integrationt can be interpreted in the sense of (B*) integrabil- 
ity. The footnote on page 135 should be revised accordingly. 


*Cf. Annali di Matematica, ser. 3, vol. 26 (1917), p. 113. 
Cf. Comptes Rendus, vol. 150 (1910) pp. 375-7. 


= 
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GROUPS FORMED BY SPECIAL MATRICES. 


BY PROFESSOR G. A. MILLER. 


(Read before the American Mathematical Society September 4, 1917.) 


1. Introduction. 


Ir is well known that every possible substitution on n 
letters can be represented by a square matrix of order n which 
has one and only one unity element in each row and in each 
column while each of its other elements is 0. For brevity we 
shall call such a matrix in what follows an n-matrix. The 
determinant of an n-matrix is + 1, according as the substitu- 
tion represented by it is positive or negative. In particular, 
the totality of all the different n-matrices forms a group with 
respect to multiplication, and this group is simply isomorphic 
with the symmetric group of degree n. The totality of these 
matrices whose determinants are equal to unity also forms a 
group with respect to the same law of composition, which is 
evidently simply isomorphic with the alternating group of 
degree n. 

Hence the theory of substitution groups is identical with 
the theory of the multiplication of such special matrices. 
The main object of the present paper is to exhibit the equiva- 
lence of the theory of imprimitive substitution groups and 
the theory of multiplication of another type of special matrices. 
We shall first consider the special case where the imprimitive 
group is of degree 2m and has n systems of imprimitivity. 
Hence each of these systems involves two letters. 

The largest possible imprimitive group of this type is clearly 
of order 2”-n!, and is simply isomorphic with the group formed 
by all the possible different square matrices of order n which 
have one and only one + 1 element in each row and in each 
column, while each of their other elements is 0. Since every 
possible imprimitive group of degree 2n which has n systems 
of imprimitivity is conjugate with a subgroup of the former of 
these groups it results that every possible imprimitive group of 
degree 2n which has n systems of imprimitivity is simply iso- 
morphic with a group formed by square matrices of order n having 
one and only one + 1 element in each row and in each column, 
while all their other elements are 0. 
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In fact, the preceding theorem can be stated in a somewhat 
more general form if it is noted that the letters of such an 
imprimitive group can be placed in a (1, 1) correspondence 
with the elements of these matrices if we let the columns 
correspond to the systems of imprimitivity and the two letters 
of each system to +1. Such a representation may also 
serve to exhibit in a new light the meaning of the term systems 
of imprimitivity, and, if it is employed, the words “ simply 
isomorphic*’ in the preceding theorem may be replaced by 
the somewhat stronger word “ con‘ugate.”’ 

To obtain an elementary matrix notation for every possible 
imprimitive group it may be noted that every imprimitive 
group of degree kn which has n systems of imprimitivity is 
conjugate with a subgroup of the imprimitive group obtained 
by forming the direct product of n symmetric groups of 
degree k, and adjoining to this direct product substitutions 
which permute its systems of intransitivity according to the 
symmetric group of degree n. Hence it results directly that 
every possible imprimiiizve group of degree kn which has n 
sys ems of imprimitivity is conjugate with a group formed by 
square matrices of order n having one and only one k-matriz 
element in each row and in each column while all its other ele- 
ments are 0. Instead of representing these non-zero elements 
by k-matrices they may clearly be represented by elements 
of a group. 

2. Special Imprimitive Groups and Their Invariant Elements. 


The totality of the square matrices of order n which have 
one and only one kth root of unity element in each row and in 
each column, while all their other elements are 0, constitute 
a group G;, of order k*-n!, which is simply isomorphic with 
the imprimitive substitution group of degree kn constructed 
as follows: Form the direct product of n regular cyclic groups 
of order k, and adjoin to this direct product substitutions 
which separately permute its systems of intransitivity accord- 
ing to the symmetric group of degree n. 

The totality of the principal diagonal matrices of Gi, i. e., 
those matrices whose elements outside of the principal di- 
agonals are entirely composed of zeros, constitutes a sub- 
group of G, which is simply isomorphic with the direct product 
formed by n cyclic groups of order k. The central of G, is 
of order k, and is composed of the principal diagonal matrices 
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having equal elements, i. e., of the scalar matrices contained 
in Gi. 

A necessary and sufficient condition that an imprimitive 
group of degree kn which has n systems of imprimitivity can 
be represented by such square matrices of order n is that the 
group composed of all the substitutions on the letters of one 
system of imprimitivity which transform this system into 
itself is cyclic. In particular, a necessary and sufficient con- 
dition that a regular substitution group can be represented by 
square matrices of order n having one and only one kth root of 
unity element in each row and in each column, while each of the 
other elements is 0, is that it contains a cyclic subgroup of index n. 
For instance, with respect to the subgroup of order 3, and one 
of the subgroups of order 2 the symmetric group of order 6 is 
represented as a regular group by each of the following two 
sets of six matrices, w representing an imaginary cube root of 
unity: 


loo} Loe} [oo]: 


100 010 


010], |OO01], |100], 

001 100 1010 
—-i 90 0-1 0 O-1 


Another interesting category of groups is represented by 
the [¢(m)]"-n! matrices, having one and only one element in 
each row and in each column which is any one of the g(m) 
positive integers not greater than m and prime to m, while 
each of the other elements is 0. When m > 1 these matrices 
represent the imprimitive substitution group constructed as 
follows: Form the direct product of the n regular groups 
which are separately simply isomorphic with the group formed 
by the g(m) positive integers less than m and prime to m. 
To this direct product adjoin substitutions which permute its 
systems of intransitivity according to the symmetric group of 
degree n. 

The group noted in the preceding paragraph has ¢(m) 
invariant elements, since the simply isomorphic imprimitive 
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group has this property. These invariant elements are 
represented by the principal diagonal matrices whose elements 
are all equal to the same positive integer. This result follows 
also from the method of transforming n-matrices by each 
other, which we proceed to explain. 

If ri, To, Tn ANA Cy, Co, Cn represent the rows and the 
columns respectively, taken in order, of an n-matrix, then the 
substitution represented by this matrix may be denoted as 


follows: 
) 
Ca, Cag “°° Cay 
where ¢,,, Ca» ***» Ca, Tepresent the columns containing the 
unit element in the rows represented by 1, fo, ---, Tn re- 


spectively. Hence any n-matrix can be transformed by any 
other n-matrix by interchanging the rows and the columns 
of the former according to the substitution represented by the 
latter. If any matrix having one and only one non-zero ele- 
ment in each row and in each column is transformed by any 
other such matrix, the transformed matrix is again of this 
form and its non-zero elements occur in the same rows and 
columns irrespective of the value of these non-zero elements. 
Hence the theorem noted in the preceding paragraph results 
directly from the fact that identity is the only invariant 
element of the symmetric group. 

While the invariant elements of the imprimitive groups 
considered above generate invariant subgroups, it should not 
be assumed that these subgroups give rise to invariant im- 
primitive subgroups. On the contrary, every invariant im- 
primitive subgroup of G, contains all its principal diagonal 
matrices whose determinants are equal to unity. Hence 
the principal diagonal matrices of any imprimitive invariant 
subgroup of G,; must always include all these matrices whose 
determinants satisfy the equation 2? = 1, where d is a divisor 
of k. This is equivalent to the following theorem: 

If an imprimitive group of degree kn has for its head H, the 
direct product of n regular cyclic groups of degree k, then every 
invariant imprimitive subgroup has for its head a subgroup of H 
which is simply isomorphic with the direct product of n — 1 
cyclic groups of order k and of some subgroup of such a cyclic group. 

By means of this theorem it is not difficult to determine all 
the invariant subgroups of the groups considered above. 
University or ILLINo!Is. 
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CELEBRATED PROBLEMS OF GEOMETRY. 


Sur les Problémes célébres de la Géométrie élémentaire non 
résolubles avec la Régle et le Compas. Par F. Gomes Terx- 
ErRA. Coimbre, Imprimerie de |’Université, 1915.* 4to. 
132 pp. 

THERE have been many historical surveys of the three 
famous problems of the ancients. One such was Montucla’s 
anonymous work of 1754 on the history of the problem of the 
squaring of the circle with a supplement concerning the 
problems of the duplication of the cube and the trisection of 
an angle.t But a more adequate history of the problem of 
the duplication of the cube was published by Reimer in 1798.t 
An accurate and still more elaborate presentation which 
took due account of later research was published about a 
century later by Ambros Sturm.§ A. Conti’s account of 
the problems of duplication of the cube and trisection of an 
angle occupied about 70 pages of the second part of Enriques’s 
Fragen der Elementargeometrie, which appeared in 1907. 
This same work contained B. Cal6’s chapter (60 pages) on 
transcendental problems, especially that of squaring the 
circle. These chapters underwent some revisions in the new 
Italian edition: Questioni riguardanti le Matematiche ele- 
mentari (1914).|! Prior to Cald’s article, one of the best 
sketches of the history of the problem of squaring the circle 
was by Rudio, 1892; Vahlen’s discussion** (1911) is also 
valuable; Hobson’s most readable history appeared in 1913. 

Such are some of the chief historical surveys. The most 


* Also published as an Appendix to Gomes Teixeira’s Obras sobre 
Mathematica, vol. 7, 1915, pages 285-412 

f Histoire des recherches = la = uadrature du cercle. Paris, MDCCLIV. 
47 + 304 Pp. +8 plates. Nouvelle édition revue et corrigée (par S. F. 
ari a aris, 1831. 16 + 300 pp. + 4 plates. 

T. Reimer, Historia cubi duplicatione. Gottinge, 
MDCCXCVIII. 16 + 222 Pp. + 2 pla 

§ A. Sturm, Das Delische Pe e638 Lins, 1895-1897. 140 pp. 

Mee 2, Bologna, 1914. Pp. 

F Rudio, Archimedes, Legendre. Vier Abhand- 
lungen iiber die Kreismessung. Deutsch herausgegeben und mit einer 
Le igs tiber die Geschichte des Problemes von der Quadratur des 

os we von den dltesten Zeiten bis auf unsere Tage. ipzig, 1892. 


Konstruktionen und Approximationen. Leipzig, 1911. 
Pp. 175 ff. and 306 ff. 
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recent bibliography of the problems is by Professor Guimar- 
aes.* In the writer’s opinion the most elementary presenta- 
tion of the proofs of the impossibility of their solution with 
ruler and compasses is due to Klein. 

Since Montucla’s work is very scarce, those unacquainted 
with German or Italian who wished to learn the main facts 
in such surveys as the ones to which I have referred, have 
had, till recently, considerable difficulty in satisfying their 
desires. We have now, however, the very interesting and 
excellent volume under review, of Professor Gomes Teixeira, 
Rector of the University of Porto. His power of lucid exposi- 
tion and his scholarly style are probably familiar to many 
Americans through the two-volume Traité des Courbes 
spéciales remarquables planes et gauches of 1908-09.{f 

Nearly the whole of the volume on “ problémes célébres ” 
is given over to a consideration of the three famous problems 
of the ancients. Chapter I (pages 5-46) is entitled: “Sur 
le probléme des moyennes proportionnelles. Duplication du 
cube;” Chapter II (pages 47-82): “Sur la division de 
l’angle;” Chapter III (pages 83-104): ‘Sur la quadrature 
du cercle;”’ and the last chapter: ‘“ Sur l’impossibilité de la 
résolution par la régle et le compas des problémes considérés 
précédemment.”” There are many references to the author’s 
treatise on curves and it is especially in this connection that 
new features are introduced. 

For example, in the first chapter we have: the curve of 
Archytas—a skew curve; the kampyle of Eudoxus, the simple 
folium in the method of Villapandus, and the conchoid of 
Nicomedes—quartics; the hyperbola mesolabica of Viviani, 
the circular unicursals in the solutions of Plato and Diocles, 
and the right strophoid in connection with Huygens’s solu- 
tion—cubics; the method of Menechmus—by conics; and 
so on. The chapter contains also solutions by Hero of Alex- 
andria, Philo of Byzantium, Apollonius, Eratosthenes, Viéte, 
Descartes, Fermat, Newton, Clairaut, and Montucci. 

The second chapter sets forth the methods of Hippias, 
Archimedes, Nicomedes, Pappus, Etienne Pascal (with his 


*R. Guimaraes, “ Algunas consideraciones sobre tres problemas 
célebre de geometria elemental,” Revista de la Sociedad matemdtica Esp a 
ano 6, Enero-Abril, 1917, pp. 18-27, 74-94. 

+F. Klein, Vortrage iiber ausgewahlte Fragen der Elementar-Geometrie. 
Leipzig, 1895. English translation by Beman and Smith, Boston, 1897. 

t Pages 1-284 of Gomes Teixeira’s Obras sobre Mathematica, vol. 7 
(1915), contain five chapters supplementary to this work. 


} 
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limagon), Descartes and Fermat, Kinner, Ceva, Maclaurin, 
Delanges, Chasles, Lucas, Catalan, Longchamps, and Kempe, 
with many interesting connections and generalizations. It is 
shown that the solution of the following problem of Archimedes 
reduces to that of the trisection of an angle: “To cut a 
sphere by a plane so that the volumes of the segments are to 
one another in a given ratio.” At this point it would have 
been interesting to have added a reference to Brocard’s 
pamphlet, Mémoire sur divers problémes de géométrie dont 
la solution dépend de la trisection de l’angle (Algiers, 1912). 

Viéte and Descartes stated that the solution of any problem 
depending on an equation of the third degree could be reduced 
to the solution of a problem of finding two mean proportionals, 
or to that of the trisection of an angle. With a proof of this 
theorem, and some general remarks, the chapter concludes. 

“Given a fixed conic (except circle and line pair) in the 
plane of construction every problem of the third order can be 
carried through with ruler and compasses.” Professor Gomes 
Teixeira has apparently followed Vahlen in crediting this 
theorem to “S. Smith ” (1868). To the Englishman, “ H. 
J. S. Smith ” seems more natural. 

“ All problems of the third order can be carried through 
with ruler alone if a complete fixed curve of the third order 
is given; for metrical problems a square (or rectangle) must 
also be given.” This theorem was shown by London in 1896. 
Its statement on page 82 needs to be revised. Compare Conti’s 
article. In his Arithmetica Universalis Newton solved cubic 
and biquadratic equations by means of the conchoid and ruler 
and compasses. 

In the third chapter there are a number of unusual expres- 
sions for 7, and its powers, taken from the writings of Wallis, 
Euler, and Cauchy. Due credit is given to Chinese discoveries 
in accordance with Mikami’s History. On page 88, line 14, 
for Chang Hing read Chang Héng.* 

The derivation of the results leading to the fundamental 
theorem by means of which it is shown that the problem of 
the duplication of the cube is impossible is based mainly on 
the discussion in Petersen’s Theory of Equations. The work 
concludes with Klein’s proof of the impossibility of the 


* Some fairly obvious misprints occur at the following places: page 25, 
line 4 from bottom; page 26, line 17; page 56, line 12; page 68, line 6 
from bottom; page 82, line 6; page 103, last line; page 105, line 6 from 
bottom; page 122, line 25. 
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problem of squaring the circle with ruler and compasses. 

On page 122 occurs the sentence: “ La divisionde la cir- 
conference en 3 et 5 parties égales a été considérée dans les 
Elements d’Euclide.” Quite true; but why not have written 
“3, 4, 5, 6 et 15 parties égales”? The statement that the 
first geometric construction of the regular polygon of 17 
sides was found by Erchinger needs revision. Gauss reported 
Erchinger’s paper in 1825 and pointed out that its merit 
was not so much in the construction as in the synthetic proof 
of its correctness. Indeed Gauss himself refers to two earlier 
constructions by Paucker.* At least two more were published 
before 1825; one by John Lowry in 1819t and the other by 
Samuel Jones in 1820.{ 

We heartily recommend Professor Gomes Teixeira’s book 
for every mathematical library, as no other publication of the 
kind can take its place. The little book is characterized by 
marked individuality. When a new edition is called for we 
hope that the author may be moved to add another chapter on 
still more of the many famous problems of the category he has 
been considering. For example, an adequate history of the 
following century-old problem has not yet been published: 
“Given the length of the bisectors of the angles of a triangle 
between the vertices and the opposite sides to construct the 
triangle.” In 1911, Professor R. P. Baker published a hundred- 
page doctor’s dissertation on this problem. 

R. C. ARCHIBALD. 


Brown UNIVERSITY, 
ProvipEnce, R. I. 


*(a) ‘‘Geometrische Verzeichnung des regelmissigen 17-Ecks und 
257-Ecks in d. Kreis,” Jahresverhandl. d. kurldndische Gesellschaft fiir 
Literatur und Kunst, Mitau, Band 2, 1822. (6b) Die ebene Geometrie der 
geraden Linie und des Kreises, Kénigsberg, 1823, p. 187. 

+ The Mathematical Repos. new series, vol. 4 (1819), p. 160. 

t The paper dated “ Dublin, 17th October, 1819 ”’ and read January 
24, 1820, was published in Transactions of the Irish Academy, vol. 13 (1818), 
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NOTES. 


At the annual meeting of the London mathematical society, 
held November 1, the following papers were read: By J. H. 
Grace, “Tetrahedra in relation to spheres and quadrics”; 
by M. J. M. Hitt, “The continuation of the hypergeometric 
series”; by W. H. Youne, “Restricted Fourier series and the 
convergence of power series”; by E. B. Srourrer, “Invariants 
and covariants of linear homogeneous differential equations” ; 
by H. W. Turnsutt, “The simultaneous system of two 
quaternary quadratic forms.” Professor H. M. MacponaLp 
was elected president, Prefessors H. H1ttron and E. W. Hos- 
son and Sir J. Larmor vice-presidents, and Dr. T. J. I’a. 
Bromwicu and Mr. G. H. Harpy secretaries. 


At the meeting of the Edinburgh mathematical society on 
November 9, the following papers were read: By W. P. Mitne, 
“The apolar locus of two tetrads of points on a conic”; by 
F. G. W. Brown, “The Brocard and Tucker circles of a cyclic 
quadrilateral.” 


Proressor G. A. Grsson, of the University of Glasgow, has 
been elected one of the vice-presidents and Professor E. T. 
WaHitTakER, of the University of Edinburgh, one of the secre- 
taries of the Royal Society of Edinburgh. 


Tue December number (volume 19, number 2) of the 
Annals of Mathematics contains the following papers: “Fac- 
torization of analytic functions of several variables,” by W. F. 
Oscoop; “An application of Fourier’s series to probability,” 
by D. F. Barrow; “Conjugate systems of curves both of 
whose Laplace transforms are lines of curvature,” by J. M. 
Stetson; “A theorem on lattice-points,” by A. J. KEMPNER; 
“On continuous representations of a square upon itself,” by 
H. L. Sirs; “Roots and singular points of semi-analytic 
functions,” by Dunnam Jackson; “Some properties of poly- 
nomial curves,” by Frank Irwin and H. N. Wricur. 


On account of conditions due to the war, no Benjamin 
Peirce instructors will be appointed at Harvard this year. 


1918.] NOTES. 211 
| 


212 NOTES. [Jan., 


Tue following university and college teachers of mathe- 
matics have recently entered the national military service: 

Proressor L. K. Apxins, of the Wisconsin State Normal 
School at La Crosse, has been appointed first lieutenant in the 
regular army and ordered to France. Associate professor C. 
A. Epperson, of the Normal School at Kirksville, Mo., is in 
military training at Fort Sheridan. Mr. M. HeEptunp, of 
Beloit College, has been appointed second lieutenant in the 
Adjutant General’s office. Mr. H. H. Pring, of New York 
University, has been appointed second lieutenant in the 
National Army. Assistant professor P. L. THorne, of New 
York University, is in military training at Plattsburg. Assist- 
ant professor C. H. YEaToN, of Northwestern University, 
has joined the Signal Corps. 


Mr. W. D. LamsBert, of the Coast and Geodetic Survey, 
has been appointed first lieutenant in the army. 


Proressor A. O. LEUSCHNER, of the University of Cali- 
fornia, has been delegated to administer the details of instruc- 
tion in the navigation schools of the United States Shipping 
Board on the Pacific coast, and in particular to provide quali- 
fied instructors. 


Proressor H. E. Hawkes, of the department of mathemat- 
ics, Columbia University, has been made acting dean of Colum- 
bia College during the absence of Dean Keppel on govern- 
ment service. 


At Western Reserve University, Mr. D. R. BEtcuHeEr, of 
Columbia University, has been appointed instructor in mathe- 
matics in Adelbert College. At the College for Women, Pro- 
fessor ANNA H. Patmré has been granted leave of absence, 
Mrs. W. E. Becxwiru has been promoted to an assistant 
professorship, and Dr. Mary F. Curtis has been appointed 
instructor in mathematics. 


Dr. J. E. McATEe has been appointed associate professor 
of mathematics at William Jewell College. 


At the University of Maine, assistant professor T. L. Ham- 
LIN has resigned to accept a position in the department of 
mathematics at Union College and associate professor H. R. 
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WILLarp has been appointed statistician under Mr. Hoover 
at Washington. 


AssociaTE professor E. H. Jones, of the Southern Metho- 
dist University, Dallas, Texas, has been promoted to a full 
professorship of mathematics. 


Dr. G. H. Lieut, of the University of Colorado, has been 
promoted to an assistant professorship of mathematics. 


At the University of Iowa, associate professor R. P. BAKER 
has been made acting head of the department of mathematics. 
Mr. R. E. Gueason and Mr. F. M. Wempa have been appointed 
instructors in mathematics. 


At Louisiana State University, assistant professor S. T. 
SANDERS has been made head of the department of mathe- 
matics, and Dr. I. C. Nicnots has been appointed associate 
professor. 


Dr. GotprE P. Horton has been made instructor in mathe- 
matics at the University of Texas. 


Mr. C. H. CLEVENGER, of the University of Minnesota, has 
resigned to undertake industrial research at the University of 
Illinois. 


Mr. J. B. Rosenspacu has been appointed instructor in 
mathematics at the University of New Mexico. 


Mrs. M. Logspon, of Hastings College, has been appointed 
instructor in mathematics at Northwestern University. 


Mr. O. W. ALBERT has been appointed instructor in mathe- 
matics at Grinnell College. 


Mr. L. H. Rice, of Syracuse University, has been appointed 
instructor in mathematics at Tufts College. 


Miss Marion E. Stark, of Brown University, has been 
appointed professor of mathematics at Meredith College, 
Raleigh, N. C. 


Mr. VERN JAMES, of Indiana University, has been appointed 
instructor in mathematics at the Carnegie Institute of Tech- 
nology. 
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Mr. C. T. Levy, of the University of Oklahoma, died July 
23, 1917. 


Proressor S. F. Norris, of Baltimore City College, died 
September 4, 1917. 


Proressor J. F. Mrxuts, of the Parker School, Chicago, 
died October 25, 1917, at the age of forty-two years. He was 
joint author of the Stone-Millis series of elementary mathe- 
matical text-books. 


NEW PUBLICATIONS. 


I. HIGHER MATHEMATICS. 


Amoroso (L.) e Bomprani (E.). Esercizi di geometria analitica e pro- 
iettiva, con prefazione del G. Castelnuovo. Pavia, Mattei, 1917. 
8vo. 12 + 475 pp. L. 16.00 


Bomptant (E.). See Amoroso (L.). 
CasTetnuovo (G.). See Amoroso (L.). 


Hermite (C.). Oeuvres de Charles Hermite publiées sous les auspices de 
l’Académie des Sciences par E. Picard. Tome IV et dernier. Paris, 
Gauthier-Villars, 1917. 8vo. 6 + 596 pp. Fr. 25.00 


Merz (K.). Zur Erkenntnistheorie iber Raum und Zahl, aus Histori- 
schem der Steinerschen Fliche. Croire, Librairie Schuler, 1917. 8vo. 
48 pp. Fr. 1.00 
p’OcaGnE (M.). Cours de géométrie pure et appliquée de I’Ecole Poly- 
technique. Tome I: Transformations géométriques. Perspective. 
Géométrie infinitésimale. Géométrie réglée. Géométrie cinéma- 
tique. Paris, Gauthier-Villars, 1917. 8vo. 12+ 375pp. Fr. 16.00 


Paiturrs (H. B.). Differential and integral calculus. New York, Wiley, 
1916-1917. 5+ 162+5-+194 pp. Cloth. $2.00 


. Integral calculus. New York, Wiley, 1917. 5 + 194 pp. 
Cloth. $1.25 
Picarp (E.). See Hermite (C.). 


Prompt (-.). Recherches analytiques sur les carrés magiques. By 
Gauthier-Villars, 1917. 8vo. 34 pp. 2.20 
Sxrnner (E.B.). College algebra. New York, Macmillan, 1917. 
8 + 263 pp. Cloth. $1.50 


Il. ELEMENTARY MATHEMATICS. 

Bauer (G. N.) and Brooke (W. E.). Plane and 
Second revised edition. Boston, Heath, 1917. 12 +174 

Logarithmic and trigonometric tables. Boston, Heath, 1917. 
139 pp pp. 

Bresticy (E. R.). Logarithmic and trigonometric tables and mathemati- 
cal formulas. Chicago, University of Chicago Press, 1917. 17 * 

118 pp. Cloth. $0.75 
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Third-year mathematics for secondary schools. With tables to 
five places. Chicago, University of Chicago Press, 1917. 18 + 
369 pp. $1.50. Without tables, $1.00 

Brooke (W.E.). See Bauer (G.N.). 

Brown (J.C.). See Wentworts (G.). 

Caportvs (I.), Fisker (A.), HERLEv (V.) (L. P.). en. 
Lererens 1-2 og Elevens Bog 1-3. Kgbenhavn, Gretnits 
Boghandel, ordisk F Forlag, 1916. 

Counts (G.8.). Arithmetic tests and studies in the psychology of arith- 
metic. Chicago, University of Chicago Press, 1917. 4+ 127 pp. 
Paper. $0.75 

Fisker (A.). See Caportvs (I.). 

GENTLEMAN (F. W.). See Vosspureu (W. L.). 

HeERtEv (V.). See Caportivs (I.). 

Hotex (J.). Tables de logarithmes 4 cing décimales pour les nombres et 
les lignes trigonométriques. Nouvelle evens | revue et augmentée. 
Paris, Gauthier-Villars, 1917. S8vo. Cartonné Fr. 3.85 

MATHEMATICAL AssociATION. Elementary in girls’ schools. 
Report of the girls’ schools committee of the Mathematical Associa- 
tion, 1916. London, Bell, 1916. 8vo. 26 pp. 1s. 

MILNE Mo. .). papers for into the al 1817 
tary emy and the e, ruary-July, 
London, Macmillan, 1917. 

Monroe (W.S.). Development of arithmetic as a school subject. hs 
ington, Government Printing Office, 1917. 170 pp. Paper. $0.20 

Montet (P. L.). Mesure de la longueur de la circonference par la valeur 
xR =RVW3+Rw2. Paris, Dunod et Pinat, 1917. 10 + 57 pp. 

Otsen (L. P.). See (I.). 

Smita (A.). The new Barnes problem books, seventh and eighth years, 
first and second halves. New York, A. S. Barnes, 1917. 70 pp. each. 
Paper. $0.10 + 0.10 

Samira (D. E.). See Wentworts (G.). 


VossurcuH (W. L.) and GentiemMan (F. W.). Junior high school mathe- 
matics. New York, Macmillan, 1917. 12mo. 7+ 146 pp. $0.75 


Wentworts (G.), Smita and Brown (J.C.). Junior school 
mathematics. Books 1 and 2. Boston, Ginn, 1917. h $0.76 


III. APPLIED MATHEMATICS. 


Benorr (J. R.) et Guituaume (C. E.). La mesure rapide des bases géodés- 
iques. 5e édition. Paris, Gauthier-Villars, 1917. S8vo. 


Bicourpan (G.). Les méthodes d’examen des lunettes et des télescopes. 
Paris, Gauthier-Villars, 1915. S8vo. 216 pp. Fr. 6.00 


CoNNAISSANCE des temps ou des mouvements célestes pour le méridien de 
Paris e-des astronomes et des navigateurs pour 1919, pub- 
liée par le Bureau des Longitudes. Paris, Gauthier-Villars, 1917. 
8vo. 30 + 736 pp. Fr. 4.40 


Doserck (W.). Hygrometric tables for use with rotating dry and wet 
bulb thermometers. London, Williams and Norgate, 1917. 2s. 6d, 
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Dootey (W. H.). Vocational mathematics. Boston, Heath, 1917. 
8+ 341 pp. Cloth. 


. Vocational mathematics for girls. Boston, Heath, 1917. 6 + 
369 pp. Cloth. 


Ecuecaray (J.). Conferencias sobre fisica matemdtica. Madrid, Esta- 
becimiento Tipogrdfico Editorial. Curso de 1910-11: Teoria "de los 
torbellinos. 1911. 394 pp. Curso de 1911-12: Teorias diversas. 
1912. 582pp. Curso de 1912-13: Ecuaciones dela mecdnica. 1913. 
ig ng de 1913-14: Teoria de los torbellinos (segunda parte). 

pp. 


Espin (T. E.). See Wess (T. W.). 
GuittaumME (C. E.). See Benorr (J. R.). 


Ho.mes (H. W.) and others. A descri a bibliography of measurement 
in elementary subjects. (Harvard Bulletins in Education, Vol. V.) 
Cambridge, Harvard University Press, 1917. 8vo. 7 + 46 pp. 


Jexowsky (B.). Exposé succinct, suivi d’un exemple numérique, d’une 
méthode nouvelle pour la détermination d’une orbite meg 
Paris, Gauthier-Villars, 1917. 8vo. 20 pp. r. 2.20 


MecNicot (D.). La télégraphie en Amérique, traduit de ee par E. 
Picault et G. Viard. Paris, Gauthier-Villars, 1917. 8vo. 6 + {rere 
Fr 


MARCHAND Bey (E. E.). Mécanique théorique et appliquée. Chatou, 
1917. 8vo. 


Masivus (M.). Problems in omen physics for college courses. Phila- 
delphia, Blakiston, 1917. 6 + 90 pp. $0.90 


Mati (L.). La statistique dans le jeux de hasard; la roulette: systéme 
mathématiquement sir pour gagner au jeu de la roulette, sans risque, 
sans besoin de capital et jouant toujours la méme somme, et pour 
gagner, au lieu de perdre, . prime sur le zéro jouant la combinaison 
simple rouge et noire. Exemples pratiques sur 4000 boules de la rou- 
lette de Monte-Carlo. Roma, tip. Unione ed., 1917. 8vo. aa 


Miuurkan (R. A.). The electron. Chicago, University of Chicago Press; 
1917. 12+ 268 pp. Cloth. $1.50 


Norturvup (E. F.). Laws of physical science. Philadelphia, Lippincott, 
1917. 9+ 210 pp. Leather. $2.00 


Picautt (E.). See McNicot (D.). 

Popovatz (P.). Critique des propulseurs. Paris, Gauthier-Villars, 1917. 
8vo. 132 pp. Fr. 5.50 

Ram (A.). Problems in dynamics (with full solutions). Lahore, Atma 
Ram and Sons, 1917. 245 pp. R.3 

Runnine (T. R.). Empirical formulas. (Mathematical wee 
No. 19.) New York, Wiley, 1917. 8vo. 144pp. Cloth. $1.40 

Smiru (L.J.). Essentials in mechanical drawing. New York, Macmillan, 
1917. 6+ 57 pp. Cloth. $0.50 

Viarp (G.). See McNicot (D.). 

Wess (T. W.). Celestial objects for common telescopes. Sixth edition, 
thoroughly revised by T. E. Espin. 2 volumes. London, Longmans, 
1917. 20 + 253 + 8 + 320 pp. 7s. 6d. + 7s. 6d. 


